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Abstract. General theoretical principles that enable the derivatibiprior probabilities are of
interest both in practical data analysis and, more broanllyye foundations of probability theory.
In this paper, it is shown that the general rule for the assigmt of priors proposed by Jeffreys can
be obtained from, and is logically equivalent to, an inugly reasonable information-theoretical
invariance principle Some of the implications for the psiproposed by Hartigan [1], Jaynes [2],
and Skilling [3], are also discussed.
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1. INTRODUCTION

Any application of probability theory to a problem of dataadssis requires the speci-
fication of aprior probability over the parameters being estimated on the basis of the
given data. For example, suppose that we are given a coirsugppbse that we model
the outcome of a toss of the coin as the outcome of a two-owgmababilistic source
with outcome probabilitie®;, P,. After an experiment where the coin is tossetiimes,

we can estimate the value Bf on the basis of the data strifl, = a;a. . . ay, whereg;

is the outcome (1 or 2) of thi¢h toss, using Bayes rule,

Pr(Dn|Py, 1) Pr(Py|l)

Pr(Pl|Dn7|) = Pr(Dn“) : (1)

The prior, P(Py|l), is undetermined by the theory of probability, and représear state
of knowledge prior to performing the experiment.

Suppose that we have no knowledge about the origin or matouéaof the coin,
so that, for example, the coin could be from general circuiabr be a magician’s
coin. What prior overP; properly reflects this state of ignorance? Since the work of
Bayes and Laplace, the question of how to assigif’ifi) and, more generally, the
prior Pr(P|l) whereP is anN—dimensional probability vector, so as to reflect a state of
ignorance, has received a succession of sometimes corgliatiswers. For example,
Bayes and Laplace assigned the uniform prio(PBRlI) = 1, arguing on the ground of
the general philosophical principle of uniformity thatckeng evidence to the contrary,
one should assign equal weight to all possible valueB,oHowever, if one were to
parameterisd® by the parametef, then such an argument could, reasonably, also
be applied tof; but, if P,(8) were not a linear function 06, it would then follow
from Pr(Py|l)|dPi| = Pr(6|1)|dB| that PfPy|l) is not uniform. Although one could



conceivably evade this objection by granting the paramiétegrivileged status, it is
difficult to find a compelling reason for doing so.

Similarly, if we are given the samplg,xo,...,xy from a unknown probability
distribution, P¢x|6), which could be continuous, whe= (6y,65,...,6¢) is aK—
dimensional parameter vector, and we wish to determid@|i?lnx2,...,xN,I), the
prior Pr(8|1) must be specified. For the case of sampling from a normal pitityadis-
tribution with meanu and standard deviatiom, Jeffreys [4] argued that Rw|l) 0 1/0
and, in [5], suggested the prior (&fl) O 1/p (now known as Jeffreys’ prior) be as-
signed to any continuous parameter,known to be positive, on the grounds that the
prior over P(p™|I) is then also of this same form. However, no compelling reasas
given for basing the prior upon the functiop¥, and for excluding other functions pf

Recognising the fragility of existing arguments for the gssient of priors such
as P(Py|l), Jeffreys [6] considered the question of whether thereerigeneral prin-
ciple for the assignment of priors that are immune to suckdalgns. By investigating
some mathematical expressions that could be plausiblyedess quantifying the ‘dis-
tance’ between two discrete probability distributiongfrégs showed that some of these
expressions lead, up to an overall multiplicative constemthe same metric. Specifi-
cally, in the case of a probabilistic model Mfpossible outcomes, witN—dimensional
probability vectorP(6), wheref = (81, 65, ..., 6k) with 0 < K < N, the metric

kKK=12,.. K. )

Noting the invariance o(fdetg)l/zd 6,d6-...d6« under non-singular re-parameterisation

of P, and appealing to the plausible desideratum that the pratrgbility Pr(§|l) be in-
variant under such re-parameterisation, Jeffreys praptieerule (referred to hereafter
asJeffreys' rule) that one assign the prior

Pr(6|1) O (detg)/2. (3)

From Jeffreys’ rule, it follows, in contrast to the assuraptof Bayes and Laplace,
that

Pr(Pi[l) O NS (4)

and, in the case of ad—outcome probabilistic source,

1
Pr(P.,Ps,... D0 ——— 5
I‘( 1,72, >H\|‘) m? ()

a prior which will be referred to as Jeffreys’ multinomiaigr From Jeffreys’ rule, it
also follows for a normal distribution that fr|l) O 1/0, in agreement with Jeffreys’
previous arguments.

Compared with the rules for the assignment of priors thatgated it, Jeffreys’ rule
has the considerable advantage of being a general mechprocadure, but it has the
disadvantage of being reliant upon the metric in Eq. (2),cwhs not logically derived



from a set of intuitively plausible postulates. Consequgsthce its proposal, numerous
other specific priors and assignment rules, such as in [1,2,8, have been proposed
where an attempt is made to base the derivations on intlyitplausible postulates.
The main objective of this paper is to derive Jeffreys’ ruta an intuitively plausible
information-theoretic invariance principle. Some of tineplications for some of the
specific priors and rules for the assignment of priors thaeHhaeen derived by other
authors, such asin[1, 2, 3, 7, 8], will also be briefly diseass

2. DERIVATION OF JEFFREYS MULTINOMIAL PRIOR

Suppose that an experimenter makes a trial imfterrogations of a probabilistic source
with an unknown probability vectoP = (Py,P,...,Py) and obtains the data string,
Dn = a1a...an, of lengthn, where g represents the value of théh outcome. If
the experimenter wishes to estimd&eon the basis oDy, the only relevant data is
the number of instancesy of each outcomei, which can be encoded in the data
vectorm = (my, mp,...,My), or, equivalently, in the paitn,f), wheref = m/nis the
frequency vector. Given the data vector, Bayes’ theorem eansled to calculate the
probability density function, RP|f,n,l), wherel represents the knowledge that the
experimenter possesses prior to performing the interiayszt

Let us quantify the change in the experimenter’s knowledgeuaP using the
Shannon-Jaynes entropy functional. If the frequency veci® obtained inn interro-
gations, the gain of information aboit

AH = H[Pr(P|1)] — H [Pr(P[f,n,1)]

_/ /PrP|f,, Pr(P(’f|”)')dP1...dm_1, ©)

whose value depends upon the the prior probabilityPpPy.
Consider the case whelke= 2. Using Bayes’ theorem, the posterior probability can

be expressed as

Pr(f|P,n, 1) Pr(P|I)

PRI D) = B P on1) PP dPy (7)
where the likelihood,
Pr(f|P,n,|):ﬁPml(1 Py, )

In the limit of largen, the likelihood becomes very sharply peaked arommd= nP; so
that the prior probability factors out of the integrand, dhe posterior probability can
be approximated by a Gaussian function of variamée= f1(1— f1)/n.

For the purpose of illustration, suppose the prior prolighbiere chosen to be uni-
form. The information gain (Eq. 6) would then become

AH = —1In (o\/ﬁe)
:%m (21)_%|n(f1(1—f1)), ©)

e



whose value is dependent updn In the limit of largen, f, tends toP;. Hence, with
respect to the information gained about the identityPah the limit of largen, there
would then be a difference between sources with differehtegaof P. But, if we are
ignorant as to the origin of the probabilistic source beirtgirogated, it is reasonable to
require that the prior be such that the amount of informatiat the datdD, provides
aboutP should not depend upon whathappens to be. On the ground of this intuitively
reasonable notion, we shall selec{®t) such, in the limit of largen, the amount of
information gained im detections is independent Bf That is, we shall postulate:

Principle of Information Gain. In n interrogations of an N-outcome probabilistic
source with unknown probability vector P, the amount of Shannon-Jaynes information
provided by the data about P isindependent of P for all P in thelimit asn — oo,

In order to implement this principle, we make use of the fhet Ehannon-Jaynes
entropy is invariant under a change of variables [9]. Welglamhmeterise the vecté
by the(N — 1)—dimensional parameter vectbr= (A1,A2,...,AN—1), SO thatP = P(7\),
and then set the prior probability, (I;\ﬂl), equal to a constant. This transforms the
initial problem of determining the prior probability overinto one of determining the

functionsh (5\ ).
The first step is to determine Rrf,n,I). From Bayes’ theorem, the posterior proba-

bility,
Pr(f[A,n,1)Pr(A|n,1)
[ [Prf[A,n, ) PrA|n, 1) dAy ... dAn_1
_ Pr(f[A,n,1)
ffpr(f|7\7n7|)d)\l d/\N—1.

Pr(f\ if.n,l) =
(10)

In the second line, Rf\|n,l) has been set equal to (ﬁﬂl). This follows from an
application of Bayes’ theorem, ér|n, 1) Pr(n|l) = Pr(nﬁ\ 1) Pr(7\ |, and the fact that
is chosen freely by the experimenter and therefore canrpnrttéuporﬁ. Hence, the
posterior probability is proportional to the Iikelihood,(Fﬁ ,n1).

Whenn s large, using Stirling’s approximation! = n"(2rm)/2e-"+0O(1/n),

5 n! - nfy - 1nfy
PrAN D = ST i) P A »
_ (2rm)¥/? 1 exp( 0 fil f, (11)
(2m)N/2 /T Iy - RA) /)
Writing
R(A)=R(A <°>>+Nf% N =A)+. (12)
=1 9150




wheref = P(7\ (9)), and retaining only leading order terms in the

N—1N-1 )\(0))()\/_)\(0))
Pr(A[f,n,1) O A | 13
@t I'll'lexp< 207 , 13)

where the proportionality constant is a function ofﬂp@ only, and where

1 oR
Uw Z\P 0)\|

We shall define the vectd@ = (Q1,Qo, ... ,QN) such thatQ; = /R, so thatQ lies
on the positive orthantSY %, on the unit hypersphere&§¥~2, in an N-dimensional
Euclidean space with ax€¥;, Qo, ...,Qn. Equation (14) can then be rewritten as

oR
H ‘MI’

(14)

-

1 N 0Q; 00
— =4y = 15
O'|2|, = d/\| 30 dAy " ( )
In the case wherhll = 2,
2 2
=l (a)],+ ()

whereds® = dQ? + dQ3, the Euclidean line element i@>~space. The posterior proba-
bility, Pr(A1|f,n, 1), is therefore a Gaussian with standard deviation,

-1

1 |ds

| , 17
1
Where)\l(o) = P (1), and, since RA4|1) is constant,
1 /2n ds
H=ZIn In|— —In[Pr(Aq]l
3 (%) g | ~nlPrAl)

A (18)

B 2n (0)
L (ne)-mwsml )1

wheresis the distance along the circumference of the positive quaaf the unit circle,
and where the relation P¥;|1)|dA1| = Pr(s|l ) |ds| has been used in the second line. Inde-

pendence oAH from f; can be ensured if and only if &) at)\l(o) is a constant, inde-

pendent oﬂl(o). Since PfA1]l) is a constant, it follows from RA1|1)|dA1| = Pr(s|l)|ds|
thats(A1) = aA1+ B, wherea andf are arbitrary real constants.



If 6 c [0,71/2] is taken to be the polar angle i@°-space, so thaQ; = cosf,
thenQq = cos[s(A1) + y|, wherey is an arbitrary real constant. Hen€@, = cogaA; +
B’) andP; = cog(aAy + B'), wheref’ is an arbitrary real constant. Since(Rill) is
constant and since fy|l) |dPy| = Pr(A1]1)|dA4|, one obtains

(19)

1 1 i —
PPy 1) = § TvAm PR =
0 otherwise

The treatment for generdl runs parallel to the above. Suppose thatxhare chosen
such that infinitesimal changes in thegenerate orthogonal displacement®M-space.
This can be done by using hyperspherical co-ordindte®;, ¢, ..., @n-1), withr =1
and, forl =1,...,N, with @ being a function of\; only. In that case, one finds that

AH = —Nilln(a”\/ﬁe)
=

N—1 /2n\ N1 gs
—— "InlZ= In —
2 n(ﬂe)—i_lglnd/h
N—1 2n
=——In (Fe) —In[Pr(s1, s, .., sn-1[1)],

whereds? = dQf +dQ3 + - -+ dQf and whereds; = (9s/9A)|; 0 dA-

Since theA; are independent variables, the prior(dprsp,...,sn—1|l) must be a
constant independent of te. Therefore, any area elemedf\ = ]\;*ds, on S} tis
weighted proportionally to its area independent of its tmraof the unit hypersphere.
Therefore, RiQ|l) is constant whenevé) lies ong_\‘[l, and zero otherwise. Hence,

—|n[PI’(/\1,)\2,...,/\N_1||)] (20)
A0

= fYR =1,
Pr(PlvF)Z?"'?H\I“) O EE . (21)
0 otherwise

which is Jeffreys’ multinomial prior.

To prove the converse, suppose that Jeffreys’” multinonriak s chosen, in which
case P{Q]|l) is constant orS[\‘[ and zero otherwise. Then let the Euclidean metric be
chosen and@ be parameterised b7y such that variations in th® generate orthogonal
displacements]s, in QV—space such thals 0 dA,. Then, P(7\ ) is uniform and, from
Eqg. (20),AH is independent of). Since the value oAH is independent of the choice
of parameterisation dP, this conclusion is not dependent upon our choice of metric.
Hence, the Principle of Information Gain is satisfied. Ferthore, since Jeffreys’ rule
implies Jeffreys’ multinomial prior, it follows that Jefys’ rule implies the Principle of
Information Gain.

3. DERIVATION OF JEFFREYS RULE

Using the results derived above, we shall now derive Jéffneye. First, we note that,
from the constancy of P¢;,S,...,Sn—1|l), it follows that the prior over any subset of



the g is also constant and, since thehave equal range, is proportional to the number
of elements in the subset. For example, the prio(s;R1), Pr(s;|l),...,Pr(sy—1|l1) are
equal to one another.

Second, we note that we are free to reparametBrizeA so that theN — 1) mutually
orthogonal directions defined by the increashgare arbitrarily oriented on the unit
hypersphere. Hence, for example, line elements of equgthen any direction along
the unit hypersphere have equal prior weight.

Consider, now, a discrete probability distribution, giventbe N dimensional vec-
tor Q. Suppose that the distribution is parameterised bKtiparameter$,, 6, ..., 6k,
where 0< K < N. If the parametef, changes by an amoud®, the corresponding
displacement of) is

2Q

dsc = 76, d66b, (22)
with the unit vector L

~ _ 0Q|0Q|

O = 96, |26, (23)

The distanceds, traversed byQ over the surface of the unit hypersphere due to
changesi6,,d6,,...,d6 in the 6 is thus given by

ds? = Z ‘Z—Sk 2d9k2+2kk’ e aek‘ '06k« O - 6,d6,d6y, (24)
which, using Eq. (23), can be written as
ds® = Z My d6dBy, (25)
w
whereM is theK—dimensional orthogonal matrix
e 2229 29

The patch withK edgesds;, ds;,...,dsk has aregdetM)/2d6,d6s...d6k, and the
prior probability ofQ being found in this patch is proportional to its area

dA = (detM)¥/?d6,d6,...d6k. (27)

But this prior probability is equal to the prior probabilitythe parameter vectdt being
found within theK—dimensional volume6,d6....d6k, which is given by

Pr(6|1)d6.d6,...d6. (28)

Hence, .
Pr(6|1) O (detM)¥/2. (29)

A simple calculation shows that, to within a factor of 4, maivl is equal to the matrix
defined in (2). Hence, Eq. (29) is Jeffreys’ rule.



4. DISCUSSION

In the previous two sections, we have shown that the Pria@plnformation Gain is
logically equivalent to Jeffreys’ rule. We shall now brieflyscuss some of the other
specific priors and rules for the assignment of prior proiiads which have been
suggested.

A number of alternative multinomial priors have been prahsand we will con-
sider the proposals due to Jaynes [2] and Skilling [3]. Fitaynes [2] has derived the
prior Pr(P|l) O 1/PiP,...Ry. The derivation rests on an invariance principle, the so-
called transformation group principle, which is intuiiyeeasonable, and on the aux-
iliary assumption that a person who is maximally ignoranbng that is in a state of
‘complete confusion’, an assumption which is not transpaesd whose validity can
reasonably be questioned.

Second, the entropic prior, @®{l) O exp(—a S RInR)//PiP... By, wherea is a
free parameter, has been proposed by Skilling [3] and otaetisors [7, 8]. Since
Jeffreys’ multinomial prior is a special case of the enteqmior, it follows that Jeffreys’
multinomial prior, and so also the Principle of Informati@ain, is consistent with
the intuitively plausible axioms, particularly axioms V&-iformulated by Skilling [3].
However, fora # 0, the entropic prior violates the Principle of InformatiGain, which
suggests that the entropic prior cannot be viewed as reftgeti state of ignorance
whena # 0, a conclusion which is supported by the fact thatgras: o, the entropic
prior tends to a delta function centred Ba= (1/N,1/N,...,1/N).

Finally, Hartigan [1] has proposed a general rule for thegassent of priors which
differs from Jeffreys’ rule. In [1], Hartigan first formuleg a set of seven intuitively
plausible postulates and shows that they are consistemt it do not imply, Jeffreys’
rule, but then makes additional assumptions that are ceraity less obvious which,
in conjunction with the set of seven postulates, yield agralitive rule. This alternative
rule yields Jaynes’ multinomial prior and the prior(8fl) O 1/0° for the standard
deviation of a normal distribution. Since Jeffreys’ rulelds the prior Rio|l) O 1/0,
this rule conflicts with Jeffreys’ rule both through the nmudimial prior and through the
prior overg that it generates.
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